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Abstract 

The generation of large-scale magnetic fields is studied in dilaton electromagnetism in non- 
commutative inflationary cosmology taking into account the effects of the spacetime uncertainty 
principle motivated by string theory. We show that it is possible to generate large-scale magnetic 
fields with sufficient strength to account for the observed fields in galaxies and clusters of galaxies 
through only adiabatic compression without dynamo amplification mechanism in models of power- 
law inflation based on spacetime noncommutativity without introducing a huge hierarchy between 
the dilaton's potential and its coupling to the electromagnetic fields. 
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I. INTRODUCTION 



It is well established that magnetic fields with the field strength ~ 10 ®G and coherent 
scale 1 — lOkpc exist in our galaxy and other galaxies (for detailed reviews see [l[ HIJE 
11 3). There is some evidence that they exit in galaxies at cosmological distances jyj. 
Furthermore, in recent years magnetic fields in clusters of galaxies have been observed by 
means of the Faraday rotation measurements (RMs) of polarized electromagnetic radiation 
passing through an ionized medium [7]. In general, the strength and the coherent scale 
are estimated as 10"^ — lO^^G and lOkpc— IMpc, respectively. It is very interesting and 
mysterious that magnetic fields in clusters of galaxies are as strong as galactic ones and that 
the coherence scale may be as large as ~Mpc. 

Although galactic dynamo mechanisms jsf have been proposed to amplify very weak seed 
magnetic fields up to ~ 10~^G, it is only an amplification mechanism, and so requires initial 
seed magnetic fields to feed on. Furthermore, the effectiveness of the dynamo amplification 
mechanism in galaxies at high redshifts or clusters of galaxies is not well established. Hence 
the origin of the magnetic fields on large scales and/or at high redshift has been an open 
question. 

Proposed generation mechanisms of seed magnetic fields fall into two broad categories. 
One is astrophysical processes, and the other is cosmological processes in the early Universe, 
e.g., the first-order cosmological electroweak phase transition (EWPT) jof or quark-hadron 
phase transition (QCDPT) [lO|. However, it is hardly possible for astrophysical processes 
to generate magnetic fields on megaparsec scales. Moreover, it is also difficult to make the 
mechanisms at the cosmological phase transitions operate on these scales today, which are 
much larger than the horizon scale at the epoch of the field generation (see also 

The most natural origin of such a large-scale magnetic field would be electromagnetic 
quantum fiuctuations generated in the infiationary stage (for a comprehensive introduc- 
tion to infiation see Refs. [iilli). This is because infiation naturally produces effects on 
very large scales, larger than Hubble horizon, starting from microphysical processes operat- 
ing on a causally connected volume. However, there is a serious obstacle on the way of this 
nice scenario as argued below. 

It is well known that quantum fiuctuations of massless scalar and tensor fields in the in- 
flationary stage create considerable density inhomogeneities or relic gravitational waves 



|16l Il7| . This is because these fields are not conformally invariant even though they are 
massless. Since the Friedmann-Robertson- Walker (FRW) metric usually considered is con- 
formally fiat, cosmic expansion does not induce particle production if the underlying theory 
is conformally invariant The classical electrodynamics is conformally invariant. Hence 
large-scale electromagnetic fiuctuations could not be generated in cosmological background. 
If the origin of large-scale magnetic fields in clusters of galaxies is electromagnetic quantum 
fiuctuations generated and stretched in the infiationary stage, the conformal invariance must 
have been broken at that time. Several breaking mechanisms therefore have been proposed 



Recently we have studied the following model of the dilaton electromagnetism [23[. In 
addition to the infiaton field we assumed the existence of the dilaton field $ with a potential 
= \^exp(— Afi:$), where is a constant, and introduced the following coupling in the 
electromagnetic part of the model Lagrangian, 

^EM = -^/(<^>)F^.F^^ (1) 
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/($) = exp(AK$), 



(2) 



where F^^ = d^A^ — d^A^ is the electromagnetic field-strength tensor, A and A are dimen- 
sionless constants, and = Svr/Mpi^ with Mpi = G"^/^ = 1.2 x lO^^GeV being the Planck 
mass. We use units in which k-Q = c = h = 1 and adopt Heaviside-Lorentz units of elec- 
tromagnetism. Such coupling is reasonable in the light of indications in higher-dimensional 
theories including string theory. The coupling was first analyzed by Ratra In his model, 
however, the infiaton and the dilaton were identified and only the case the dilaton freezes 
at the end of infiation was considered. We therefore considered a more realistic situation 
that the dilaton continues its evolution along with the exponential potential even after re- 
heating but is finally stabilized when it feels other contributions to its potential, say, from 
gaugino condensation ji^] that generates a potential minimum jl^H^. As it reaches there, 
the dilaton starts oscillation with mass m and finally decays into radiation with or without 
significant entropy production. As a result we have shown magnetic fields with the current 
strength as large as 10~^°G on cluster scale or even larger scale could be generated, but for 
this to be the case we had to introduce a huge hierarchy between the coupling constant of 
the dilaton to the electromagnetic field A and the coupling one A of the dilaton potential, 
A/A ^ 400. 

Note that the existence of the dilaton under discussion is motivated by higher dimensional 
theories including string theory. The purpose of the present paper is to argue that if we take 
another prediction of string theory, namely spacetime uncertainty relation, we can solve the 
above huge hierarchy problem as well. As emphasized by Yoneya [2^, the stringy spacetime 
uncertainty relation (SSUR) is not a modification of the ordinary energy-time uncertainty 
relation in the framework of quantum mechanics, but simply a reinterpretation in terms of 
strings. Hence the SSUR is likely to be very universal in string theories. It is therefore 
natural and important to take into account both of the two consequences of string theory, 
the dilaton and the SSUR, simultaneously to the problem of the generation of primordial 
magnetic fields in the high energy regime of the early Universe. 

The rest of the paper is organized as follows. In Sec. II we review our previous model and 
outline the result and the hierarchy problem to be solved. In Sec. Ill we consider the effects 
of the SSUR on the power spectrum of magnetic fields and apply the noncommutative effects 
on fluctuations to our previous model to solve the above huge hierarchy problem. Finally, 
Sec. IV is devoted to conclusion. 



II. GENERATION OF MAGNETIC FIELDS IN DILATON ELECTROMAG- 
NETISM 

A. U(l) gauge field in exponential inflation 

From (1) the equation of motion for the U(l) gauge fleld in the Coulomb gauge, 
Ao(t, x) = and djA^{t, x) = 0, reads 

Mt, x)+(^H + i j Mt, x) - ^djd,Ai{t, x) = 0, (3) 

in the spatially flat Robert son- Walker Universe ds"^ = —dt^ + a'^{t)dx'^, where H is the 
Hubble parameter and a is the cosmic scale factor. Through the canonical quantization the 
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expression for Ai{t, x) is given by 



Ai{t,x) 



{2n) 



3/2 



b{k)Ai{t, fc)e^'=-^ + b^{k)A*{t, k)e 



(4) 



where h{k) and h\k) are the annihilation and creation operators which satisfy 



h{k),h\k') \ =6^{k-k'), \b{k),b{k')] = \P{k),b^k' 



0. 



(5) 



Here k is comoving wave number, and k denotes its amphtude |fc|. It follows from Eq. Q 
that the Fourier modes Ai{t, k) satisfy the equation, 



Ai{t,k) + \H + ^] Mt, k) + k) = 0, 



(6) 



and that the normalization condition for Ai{t, k) reads 



Aiit, k)A](t, k) - Ajit, k)A*{t, k) 



kikj 



(7) 



For convenience in finding the solutions of Eq. (jH}, we introduce the following approximate 
form as the expression of /. 



/(<l>) = /[$(t)] = /[$(a(t))] = /a 



f3-l 



(8) 



where / is a constant and /3 is a parameter. 

In slow-roll exponential inflation models with a{t) cx e^'"'*, the model parameter (3 is 
given by 



A 



+ X'wX, 



X' 



w 



(9) 
(10) 



where = const is the energy density of the infiaton and w 1 because we have 
assumed that during slow-roll inflation the cosmic energy density is dominated by the infiaton 
potential and the energy density of the dilaton is negligible. Even if the dilaton was rapidly 
evolving at the onset, its kinetic energy would soon be dissipated, and it is frozen to a value 
satisfying V"[^] < -ffmf^- Thus P takes a practically constant value. Consequently, the 
solution of Eq. © satisfying Eq. ((Zj) with H = Hi^f is given by 



Ai{k,a) 



TC 



H 



(1) 



,i(/3+l)7r/4 



(11) 



where we have determined the constants of integration in the general solution of Eq. (jU)) by 
requiring that the vacuum reduces to the one in Minkowski spacetime at the short-wavelength 
limit. 
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The energy density of the large-scale magnetic fields can evaluated using (fTTj) if we specify 
cosmic evolution after inflation. Here we adopt the following scenario. After inflation, 
the inflaton potential is instantaneously converted into radiation and then the Universe 
is reheated immediately at t = t^. On the other hand, even after reheating the dilaton 
continues its evolution along with the exponential potential V[^] for a while, but is flnally 
stabihzed when it feels other contributions to its p otential, say, from gaugino condensation 
2^1 that generates a potential minimum ji^ 2^|. As it reaches there, the dilaton starts 



oscillation with mass m and flnally decays into radiation with entropy production, and hence 
the energy density of magnetic flelds is diluted. Then the energy density of the magnetic 
fleld on a comoving scale L = 27r/A; at the present time is given by 



'inf 



'inf 



X exp (^-A/€$rX) (AS)"^/^ , (12) 



where $r is the dilaton fleld amplitude at the end of inflation and AS" is the entropy ratio 
after and before dilaton decay. Here the suffixes 'R' and '0' represent the quantities at the 
end of infiation ^r and the present time to, respectively. From Eq. p2D we see that the 
large-scale magnetic fields have a scale- invariant spectrum when |/?| = 5 [23]. 

After a number of consistency arguments we have found that the magnetic field could 
be as large as 10^^'^G even with the entropy increase factor AS* ~ 10®, which is the ratio 
of the entropy per comoving volume after the dilaton decay to that before decay, provided 
that the energy scale of infiation is maximal and the spectrum of resultant magnetic field is 
close to the scale-invariant or the red one, namely, /3 ^ 5 ^23|]. It follows from Eq. ()12|) that 
the magnetic field strength on IMpc scale at the present time is 



B(lMpc.««3^5xlO-x2-/™r(A,l) (|ji) 



X exp 



53.5 + l\n( ^] V-^ - 2 V 



2 V -f^max / / V 200 / 2 



(AS)"'/' G, (14) 



where we have taken w = 0.01, A ~ and then /3 ~ 1 + X/100. Here i/max = 

2.4 X lO^^GeV is the maximum possible value of H[^{ imposed by the amplitude of the 
tensor perturbations 17, |2^. If the generated magnetic fields are as large as 10~^°G, the 



observed fields in galaxies and clusters of galaxies could be explained through only adiabatic 
compression without dynamo amplification mechanism. Incidentally, Caprini, Durrer, and 
Kahniashvili [29| have recently investigated the effect of gravitational waves induced by a 
possible helicity-component of a primordial magnetic field on CMB temperature anisotropics 
and polarization. According to them, the effect could be sufficiently large to be observable 
if the spectrum of the primordial magnetic field is close to scale invariant and if its helical 
component is stronger than ~ 10~^°G. Hence our scenario may be observationally testable 
(see also ISC 
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On the other hand, the seed field required for the dynamo mechanism, B ~ 10~^^G, 
could be accounted for even when AS" is as large as 10^'* if model parameters are chosen 
appropriately to realize nearly scale-invariant spectrum. 

The serious problem is that the model parameters should be so chosen that the spectrum 
of generated magnetic field should not be too blue but close to the scale-invariant or the red 
one, which is realized only if a huge hierarchy exists between A and A, namely, X = A/A 
should be extremely larger than unity. For example, if we take w = 0.01 and A ~ we 
must have X = A/ A as large as ~ 400 so that the amplitude of the generated large-scale 
magnetic field could be sufficiently large. This may make it difficult to motivate this type 
of model in realistic high energy theories. 



B. The case of power- law inflation 

If we adopt power-law infiation models instead of exponential infiation with the following 
exponential infiaton potential, 

U[<P] = Uexp{-CK(P), (15) 

we can relax the constraint on X to a limited extent. Here [7 is a constant and C is a 
dimensionless constant, the spectral index of curvature perturbation Ug is given by 

- 1 = -6eu + 2r]u = -C', (16) 

with 

where primes denote derivatives with respect to the infiaton field 0. According to the first 
year Wilkinson Microwave Anisotropy Probe (WMAP) data [sj, Ug > 0.93, and hence 
( < 0.26. In this case the scale factor in the infiationary stage is given by a{t) oc t^, where 
p = 2/e > 29. 

In this background, if power-law infiation lasts for a sufficiently long time, the dilaton 
will settle to the scaling solution ji^ where U"[(j)] ~ H"^ with H = p/t. Hence the solution 
of the dilaton in this regime is given by 

Then we find (3 is constant given by 

(3 = — + 1. (19) 
P 

In this case, the solution of Eq. (jH]) is given by 

+ + (21) 
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The energy density of the large-scale magnetic fields on a comoving scale L = 27[/k at the 
present time in the above power-law infiation models, pB{L,tQ), is given by 

-4/3 



tt'^ \ j \ P J \ao J V^R-f^R/ 

xexp (^-Ak^rX) (^AS) (22) 



A^H^V^Vf^l. (23) 



m I \ m 



where i^R is the Hubble parameter at the end of infiation. Since p ^ 1 as noted above, we 
find from Eqs. (US), (USD, and (j2ID-(j2ni) that /3 ^ /3, which means pB(4in) ^ pB(L,to) by 
identifying ifR with Hi^^. Therefore, if /? ~ 5, we find X ^ 2p > 58 [23|. Consequently, 
although some progress has been made to lower the required value of X by adopting power- 
law infiation, it is far from sufficient because X should still be much larger than unity in 
order that the amplitude of the generated magnetic fields could be sufficiently large at the 
present time. This is because power-law infiation models are hardly distinguishable from 
exponential infiation under the constraint imposed by WMAP data as far as the evolution 
of the dilaton is concerned. Because we_ cannot expect in realistic high energy theories that 
a huge hierarchy exists between A and A, this is a serious problem of our previous model to 
be solved. 



III. GENERATION OF MAGNETIC FIELDS WITH STRINGY SPACETIME UN- 
CERTAINTY RELATION 

In this section, we consider a possible solution to the above huge hierarchy between A 
and A in our model. In recent years the effect of the stringy spacetime uncertainty relation 
(SSUR) 113 

AtAxphys > Ll (24) 

on metric perturbations in the early Universe have been investigated [s^, S^], where t 
and Xphys are the physical spacetime coordinates and Lg is the string scale. In the presence 
of the cosmic expansion, long-wavelength perturbations observable today emerged from the 
string-region in the early Universe, hence string-scale physics might leave an imprint on the 
primordial spectrum of metric perturbations. 



A. Application of noncommutative effects on density fluctuations to power-law 
infiation model 

The SSUR is compatible with a homogeneous background, but it leads to changes in 
the action for the metric fluctuations. Both scalar and tensor metric fluctuations can be 
described by the action of a free scalar fleld on the classical expanding background. Bran- 
denberger and Ho have flrst studied the modifled action for the cosmological perturbations 
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in noncommutative spacetime, where they have assumed that matter is dominated by a 
single scalar field [s^. We assume the spatially fiat Friedmann- Robertson- Walker (FRW) 
spacetime and introduce a time coordinate r so that the metric is 

ds'^ = -dt^ + a^{t)dx^ = -a'^{T)dT^ + a^{r)dx^. (25) 

In this case, in terms of the Fourier transform of 93 

^{r,x) = V"'l 7fLMr)e'''-. (26) 

where V is the total spatial coordinate volume, and fcmax is an upper bound on the comoving 
wave number 

k ^ /i^max = 7 ; (27) 

a.Ar) = ^ =a{T- Llk)a{T + L^A;), (28) 

(5t{T) = \ {a^r - Llk) + a^r + Llk)\ , (29) 
the action led by the SSUR is 

5'ssuR = ^ / df]d^k^z^{f]) {ip'_k^'k - P'^-kVk) , (30) 
Jk<k 

max 

where a prime denotes derivatives with respect to the new time coordinate fj defined by 

1/2 

- , '-^ 

dr \p 



(31) 



and 

^k'iv) = z\p-,PtY"- (32) 

Spacetime noncommutativity at high energies in the early Universe leads to the following 
two effects. The first is a coupling between the fiuctuation mode and the background which 
is nonlocal in time. The second is the appearance of a critical time for each mode at which 
the SSUR is saturated, and which is taken to be the time when the mode is generated in 
the vacuum state in the absence of cosmological expansion. The reason is as follows. The 
SSUR must be satisfied in order that a fiuctuation mode with the comoving wavenumber 
k should exist. As described in Eq. (j27j), an upper bound is therefore imposed on the 
comoving wavenumber k < /cmax = des/Ls- Hence the SSUR is saturated for a particular 
comoving wavelength when the corresponding physical wavelength is equal to the string 
length. Consequently, fiuctuation modes must be considered to emerge at this time. Here 
we assume that the amplitude of fiuctuation modes at the time of generation is the same as 
that in the vacuum state in Minkowski spacetime. In a background spacetime with power- 
law infiation, these two effects lead to a suppression of power for large-wavelength modes, 
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compared to the predictions of power-law inflation in standard general relativity. This is 
because these modes undergo a shorter period of squeezing than they do in the standard 
calculations in the commutative geometry, that is, large-scale modes, which correspond to 
higher energies earlier in inflation, are generated outside the Hubble radius owing to stringy 
effects, and hence experience less growth than the small-scale modes, which are generated 
inside the Hubble radius at lower energies, and evolve as in the standard case. There is 
a critical wavenumber fccrit such that for k < fccrit the mode is generated on super-Hubble 
scales, and hence undergoes less squeezing during the subsequent evolution than it does in 
commutative spacetime, on the other hand, for k > kcnt the mode is generated on scales 
inside the Hubble radius, and since the evolution of the mode after that is not different from 
that in the case of commutative spacetime, it follows immediately that the spectrum for 
k 3> fccrit is the same as that in the classical case. Consequently, the spectrum is blue-tilted 
for k -C fccrit rather than red-tilted as it is in the power-law inflation scenario in commutative 
spacetime. If the scale factor in the inflationary stage is given by 

a{t) = atP = aTP'^P+^\ a = [{p + Ifaf'^^^^^ , (33) 

where a and a are constants, the critical wavenumber is given by [s^l 

A;,,it = (34) 

From now on we call the modes k ^ kcnt the UV ones and the modes k <^ fccrit the IR ones, 
respectively. 

The spectrum of cosmic microwave background (CMB) anisotropics predicted by the 
model in js^] has recently been calculated, and thus the prediction of loss of power for 
infrared modes has been quantified js^,!!^. In addition, Tsujikawa et al. fs^ have performed 
a likelihood analysis at various angular scales to find the best-fit values to the WMAP data 
of the cosmological parameters, including the power-law exponent p which gives the time 
dependence on the scale factor, and the critical wavenumber when stringy effects become 
important. As a result they have shown that high energy stringy effects could account 
for some loss of power on the largest scales that may be indicated by recent WMAP data. 
Moreover, the best-fit value for the power-law exponent p has been found to be p ~ 14, which 
is consistent with the result of [3^, in which the likelihood value of p is derived by using 
recent WMAP data on only two scales k = 0.05 Mpc~^ and k = 0.002 Mpc^^. By using 
the best-fit values, the string energy scale Ls~^ has been estimated as Lg^^ ^ lO^^'GeV. 
Furthermore, according to their calculation, even a power exponent as small as p ~ 5 is 
consistent within the current errors. 

If we apply the above consequences of the SSUR in a background spacetime with power- 
law inflation to our previous model ji^ , from Eq. (PT|) and p 5 it is expected that X could 
be much smaller than in the case of power-law inflation in commutative geometry which 
requires p >29. 

One may wonder if electromagnetic quantum fluctuations generated in the inflationary 
stage are also influenced by spacetime noncommutativity, so that the power for the long- 
wavelength modes should be suppressed. However, the megaparsec scale, in which we are 
particularly interested, is smaller than the above critical scale 27r//ccrit- In fact, according 
to Tsujikawa et al. [33[, the best-fit value for the crossover scale of the power spectrum 
of density fluctuation, /c*, which satisfies fc* ^ fccrit, has been found to be 271 /k^. ^ 2.7 x 
lO^Mpc. Hence the megaparsec scale fluctuations at the present time is the UV modes. 
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It is therefore expected that the SSUR has no significant effect on the megaparsec scale 
fluctuations at the present time and that the amplitude of the generated magnetic field on 
IMpc scale is the same as that in the case of commutative spacetime. In next subsection, 
to confirm the above expectation we consider the modified power spectrum of magnetic 
fields and the strength of the generated magnetic field on IMpc scale at the present time in 
noncommutative spacetime. 



B. Noncommutative modifications to the power spectrum of magnetic fields 

As noted in the previous subsection, not only scalar and tensor metric fluctuations but also 
electromagnetic quantum fluctuations generated in the inflationary stage are also influenced 
by spacetime noncommutativity, so that the power for the large-wavelength modes should 
be suppressed. We therefore consider the modifled power spectrum of magnetic flelds. 

To begin with, we consider the action for the Fourier modes Aj(fc,?7) of the U(l) gauge 
flelds Afj_ in commutative spacetime, where r] is the conformal time tj = J dt/a{t). In the case 
of power-law inflation models with the exponential inflaton potential in Eq. (fT3|) . it follows 
from (1) that the action for Ai{k, rj) in the Coulomb gauge, Ao{t, x) = and djA^{t, x) = 0, 
can be expressed as follows. 

5(EM) ^ J d^d^kh,'' [Ar{K ri)Ai\k, 7]) - k^A^ik, r])A{k, r/)] , (35) 

where a prime denotes derivative with respect to the conformal time rj, and 

= f{a) = fa^-' = fa^\ (36) 

-(¥)(^) 

In deriving the expression of q in (jSZj), we have used Eq. ()21|1 . By introducing spacetime 
noncommutativity into the action ()35|) . the modifled action can be expressed as follows. 

4™R= / df,d^k]^zu\fi)[Ar{k,f])Aak,fi)-eA*{k,f,)A,{k,f,)\, (38) 

where 

^k\fl) = h\P^Ptf"- (39) 

This action is similar to that for scalar and tensor fluctuation (jHUI) . As in the case of 
the scalar and tensor fluctuations, introducing spacetime noncommutativity corresponds to 
including the factor {PkPkY^'^ action as Zk'^. From (jHHjl the equation of motion 

for Ai{k, fj) reads 

Ai"{k, fj) + 2—A/{k, fi) + k''A,{k, fj) = 

The friction term can be eliminated via a change of variables 

Ui{k, 7]) = Zk{f])Ai{k, fj), (41) 
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(37) 



(40) 



yielding the equation of motion 



u^\k, fi) + - u,ik, fi) = 0. (42) 

This equation is of the same type as that for scalar and tensor perturbations. Hence we can 
consider the power spectrum of in the same way as that of scalar and tensor perturbations. 

Here we introduce the following new parameter /x describing the noncommutativity of 
spacetime 

- (43) 



and consider the case /i ^ 1, which is the equivalent limit to the above UV one k ^crit) 
that is, we consider the quasi UV modes. For these modes we can derive the approximate 
analytic solutions of Eq. (jl^ as argued below. Substituting Eqs. and into Eq. 
and using Eq. (jHHj) . we find 

^ f /2 -,^,1 ^ ^ ^ (44) 

Vi = —-^^ 2/2 = — = ——r, (45) 
p + 1 q p + 1 

where we have only recorded the terms up to the first order of /i. Calculating Zk" with the 
relation between dfj and dr (p?T|l and using Eqs. and we find 



^^aV(2/i + 2y2-l)r^^^"' 

Zk 



^ y2{2yi^ + %i|/2 - 2yi + 2y2 - 3) ' 
+ 2^/2-1) 



(46) 



where we have taken the terms up to the first order of /x. Furthermore, integrating the 
relation between dfj and dr PT|) and using Eqs. and we find 

4J/2-2 ]^ J_ /4r^X 

a4(l-2|/2)2^'' ^ ^ 

where we have only recorded the terms up to the zeroth order of /x. Finally, substituting 
Eq. (jTfjl into Eq. and taking the terms up to the zeroth order of /i, we find 



Zk" _ 2/1(2/1 + 22/2-1) 1 



Zk (1 - 2y2f r/2 

From Eqs. (|7j) and (j^T|) the normalization condition for Ui{k,fi) reads 



(48) 



Ui{k, fi)u/*{k, fj) - Mj'(fc, ri)ui*{k, fj) = i [ 6ij '-f ] ■ (49) 



k 

It follows from Eq. ()48|1 that Eq. ()42j) is approximately rewritten to the following form. 



«/'(fc, fj) + (k' - '^^-^r^^ u,{k, f,) = 0, (50) 
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where 



'^y^^y^i-' (51) 



2(1 - 2y2) 2' 

Here the second equahty follows from Eqs. ()37|) and The solution of Eq. (j^Uj) is given 
by 



where Hu^"^ is an u-th order Hankel function of type n {n = 1,2), and and Cj_ are 
constants which satisfy 

We shall choose 



a+ = ^e^(2'^+i)V4, c,_ = 0, (54) 

so that the vacuum reduces to the one in Minkowski spacetime at the short- wavelength limit. 
Hence the power spectrum of the U(l) gauge fields in the vacuum state |0) of the fields 
is 

A:^ (0|...-(A:,r^)...(fc,r^)|0) 
' ^mI^'^) - ' (55) 

where the factor 2 represents the degree of freedom of the transverse component of the U(l) 
gauge fields A^. 

First, we consider the UV modes k ^ fccrit? corresponding to the length scales smaller than 
2.7 X lO^Mpc today, which are generated within the Hubble radius and evolve in the same 
way as in the case of commutative spacetime. For these modes, P^{t) ~ a^^(''") and then 
fj T]. Hence from Eq. (j39p we find z^'^ ^ 6^. Expanding Eq. (j52j) in the long- wavelength 
limit and substituting the resultant expression and the relation z^"^ ~ into Eq. (j55|) . we 
obtain the expression for the power spectrum of the U(l) gauge fields in the inflationary 
stage as 



rAAk,v) = —^T'^ 



2 j f^ii^mi^^^^ [{p~l)a{v)H{r^)\ 



P 



1-1/31 



A;=^-I^l, (56) 



where we have taken u = j3/2 and used the relation —r] = p/[{p — l)aH]. Since the power 
spectrum of magnetic fields is VB{k,r]) oc k^VA^{k,ri), from Eq. we find 

PB(A:,r/)cxruv^ nuv = 5-|/3|. (57) 

As a result, the dependence of the power spectrum of magnetic fields on the comoving 
wavenumber k is the same as that in the case of commutative spacetime in Eq. (j^^ . and 
hence the SSUR has no significant effect on the UV modes, as expected. 
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Furthermore, after inflation tlie relation between the energy density of the magnetic fields 
in the position space pB{L,t) and the power spectrum of the U(l) gauge fields VAf.ikjT]) is 
given by 

PB{L,t) = \ Qy p^,x^,^r)/(«), (58) 

where VA^ik^rjYi) is the power spectrum of the U(l) gauge fields at the end of inflation. 
Here we have taken into account the fact that since after inflation the conductivity of the 
Universe becomes a value much larger than the Hubble parameter at that time, the power 
spectrum of the U(l) gauge fields freezes at the end of inflation. It follows from Eqs. 
and that the energy density of the magnetic fields for the UV modes Pb^^^^ at the 
present time is given by 




1/31+5 



X exp (^-Ak^rX) (^AS^ ^'^ , (59) 



where we have taken into account the evolution of the dilaton after reheating and the entropy 
production by that decay in the same way as done in the case of commutative spacetime. 
This expression is equivalent to that for the energy density of large-scale magnetic fields 
at the present time in commutative spacetime pB{L,to) in (jUJ. Consequently, the above 
expression of the strength of the generated magnetic fields on scales smaller than 2.7x lO^Mpc 
today in noncommutative spacetime is equivalent to that in the commutative one. We can 
therefore yield sufficiently strong magnetic fields B ~ 10~^''G on IMpc scale for reasonable 
values of i^R and AS" as before, provided that the spectrum is nearly scale invariant, /? ~ 5. 

As we argued in the previous subsection, the important consequence of the SSUR is that 
the power-law index, p, of the power-law inflation could be much smaller than in the case 
of commutative geometry without conflicting with the nearly scale-invariant spectrum of 
density fluctuations observed by WMAP. Then from Eq. (j2H) and, say, p ~ 5, which is in 
the allowed range now, we find 

/3 = 1 + |. (60) 

Hence we can generate magnetic fields as strong as i? ~ 10^^*^G on IMpc scale even if 
the two coupling constants of the dilaton, A and A, are of the same order of magnitude, 
X = X/X^8. For example, we find 5(lMpc, to) = 1-0 x lO-^^G for X = 8.1, i^R = lO^GeV, 
and AS* = 7.0 x 10^. Moreover, we find similarly that a sufficient magnitude of magnetic 
fields on IMpc scale at the present time for the galactic dynamo scenario, B ~ 10~^^G, 
could be generated even in the case X = A/A ~ 6. 

For completeness we also consider the IR modes k <^ fccrit? which are generated outside 
the Hubble radius. It follows from Eq. (j27p that the time when these modes are generated 
is given by [s^l 



{p + I)2a2/P 



1/2 

(61) 
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For the IR modes k <^ fccrit, the first term dominates over the second one and hence ^ 
kLs'^. In this case, from Eqs. ()29|) and (jH^ we find 

(3i{T)^^-a^\T±L,'k). (62) 

Substituting Eqs. (jH^ and into Eq. and taking the first leading term in the limit 
k <^ fccrit, we find 

Moreover, it follows from the relation between dfj and dr, (jHlll . that the relation between fj 
and r at the time of the generation of the IR modes is approximately given by 

(64) 



Vk ~ -a 
1 



where we have used the equality ^ fcL^^. Expanding Eq. ()52p in the long-wavelength 
limit and substituting the resultant expression at the time of the generation fjk ~ —1/k and 
Eq. (jU^ into Eq. we obtain 

PA.(A:,r/,)=aKfc^[^^^+^^-^'^-^^^^-^^l (65) 

where 

2''^'~f+T" o/|,9|\ 2 r (/3-l)(p-l) -.1 2/3(p-l) ^ ^ 

^iR = ^-^^ ( 2 ) + l)^a]-^i^^+'J Lr^. (66) 

Furthermore, from Eq. (|65p and VB{k,fj) oc k'^V A^,{k ■, fj) we find 

Pb(A;, %) cx A;"I^ niR = ^ [2(2p + 3) - (^ - l)(p - 1)1 . (67) 

It follows from Eqs. and that — nuv = 2/3/ (p + 1) > 0, where we have taken 
/3 > 0. As a result, only the power for the long-wavelength modes larger than the crossover 
scale ~ 2.7 x lO^Mpc tends to be suppressed. 



IV. CONCLUSION 

In the present paper we have discussed a possible solution to the huge hierarchy between 
A and A, which is required in our previous work ji^ in order that the spectrum of generated 
magnetic field should not be too blue but close to the scale-invariant or the red one, so that 
the amplitude of the generated magnetic field could be sufficiently large, by taking account 
of the effects of the SSUR on the primordial power spectrum of metric perturbations in 
the early Universe. As a result we have found that in power-law inflation models, owing to 
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the consequences of the SSUR on metric perturbations, the resultant magnetic fields could 
have a nearly scale-invariant spectrum even in the case A and A are of the same order of 
magnitude, X = A/A ~ 8, so that the amplitude of the generated magnetic field could be as 
large as 10~^°G on IMpc scale at the present time, which is strong enough to account for 
the observed fields in galaxies and clusters of galaxies through only adiabatic compression 
without requiring any dynamo amplification. Since the strength of the magnetic fields on 
megaparsec scales is expressed by the same formula as in the case of commutative geometry, 
this result is entirely due to the fact that in the presence of the SSUR the power index of 
power-law infiation could be much smaller than the case of the commutative geometry in 
order to reproduce the nearly scale-invariant spectrum of density fiuctuation observed by 
WMAR 
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